For a self-gravitating particle of mass µ in orbit around a Kerr black hole of mass M µ, we compute the O(µ/M) shift in the frequency of the innermost stable circular equatorial orbit due to the conservative piece of the gravitational self-force acting on the particle. Our treatment is based on a Hamiltonian formulation of the dynamics in terms of geodesic motion in a certain locally defined effective smooth spacetime. We recover the same result using the so-called first law of binary black-hole mechanics. We give numerical results for the innermost stable circular equatorial orbit frequency shift as a function of the black hole's spin amplitude, and compare with predictions based on the post-Newtonian approximation and the effective one-body model. Our results provide an accurate strong-field benchmark for spin effects in the general-relativistic two-body problem.
Introduction.-A salient feature of orbital dynamics around Kerr black holes in general relativity is the existence of an innermost stable circular orbit (ISCO) for test particles. The ISCO radius depends on the magnitude of the spin of the black hole and on the orientation of the orbital plane with respect to the spin direction. Circular (timelike) geodesic orbits below the ISCO are unstable under perturbations away from circularity. The ISCO marks the onset of final merger in inspiraling compact-object binaries targeted by gravitational-wave detectors like KAGRA [1] , LIGO [2] and Virgo [3] , as well as the future missions eLISA [4] and DECIGO [5] .
The familiar notion of ISCO as a well-defined, precisely localizable marginal orbit is lost when the orbiting body is selfgravitating. For an object of small but nonzero mass µ M, where M is the black hole's mass, the ISCO is replaced with a more vaguely defined transition regime, where the slow adiabatic inspiral, driven by radiation reaction, gradually transits into a direct plunge [6, 7] .
Nonetheless, a useful notion of ISCO can be retained even beyond the test-particle limit, if one focuses on the conservative dynamics of the binary system, ignoring dissipative effects. The value of the ISCO frequency for a nondissipating binary (of any mass ratio) is a useful diagnostic of the strongfield dynamics, and it has been playing an important role in the development of a general-relativistic two-body theory [8] [9] [10] [11] [12] [13] [14] [15] [16] . In the case η := µ/M 1 the problem lends itself to perturbative methods. The orbiting object can be said to experience a gravitational self-force (GSF) [17] , whose conservative piece causes an O(η) "shift" in the location and frequency of the ISCO, relative to the test-particle case. This ISCO frequency shift is a valuable gauge-invariant characteristic of the strong-field dynamics beyond the geodesic approximation.
Recent years have seen rapid progress in the development of rigorous methods for GSF calculations in black-hole spacetimes [18] . A milestone came in 2009 with the computation of the O(η) ISCO frequency shift for a Schwarzschild black hole [19] . Many applications followed. For instance, the computed shift was used as a benchmark in an exhaustive survey of postNewtonian (PN) methods and their performance in the strongfield regime [20] . It enabled the calibration of unknown parameters in the effective one-body (EOB) model [13] . It also informed calculations of the remnant mass in astrophysical black-hole mergers [21, 22] , and provided crucial input for a recent model of intermediate-mass-ratio inspirals [23] . These examples illustrate the usefulness of the ISCO frequency as a unique benchmark in general-relativistic dynamics.
The value of the Schwarzschild ISCO frequency shift was computed in [19] based on a direct analysis of the restoring GSF effect on slightly eccentric orbits. This result was reproduced in later work [15, 24] , with greater numerical accuracy, using the first law of binary black-hole mechanics [25] . However, the important generalization to the Kerr case has not been tackled so far (except in a scalar-field toy model [26] ), primarily because GSF methods for Kerr spacetime are only now reaching maturity [27] [28] [29] .
In this Letter, we compute the O(η) shift in the frequency of the ISCO in the equatorial plane of a Kerr black hole, as a function of the spin magnitude. Modeling spin effects in binary black-hole inspirals is a key priority in gravitationalwave physics, as black holes in nature are expected to carry significant spin [30, 31] . Our calculation sets an accurate strong-field benchmark for spin effects, and we expect it to provide a crucial input to this activity, in much the same way that the Schwarzschild result has impacted development in the field so far. Below we briefly describe our method and results; we relegate full details to a forthcoming paper [32] . Throughout we set G = c = 1, we use a metric signature +2, and we use (t, r, θ, φ) to denote standard Boyer-Lindquist coordinates.
ISCO in the test-mass approximation.-To set the stage, we first review the formulation of ISCO for test particles, using the language of Hamiltonian mechanics. Consider a particle of mass µ and four-momentum p α , moving in the equatorial plane (θ = π/2) of a Kerr black hole with mass M µ, spin S =: aM =: qM 2 , and metric g (0)αβ . Our convention is that q > 0 (q < 0) represents prograde (retrograde) orbits. Ignoring self-interaction, a Hamiltonian that generates geodesic motion is given by [33] 
considered as a function on the 8D phase space spanned by the canonical variables (x µ , p µ ). Hamilton's equations constrain the motion to a timelike geodesic of g (0)αβ with tangent fourvelocity u
The particle's energy p t =: −µ E (0) and angular momentum p φ =: µL (0) are constants of the motion.
Circular orbits satisfy p r = 0 andṗ r = 0, where an overdot denotes a proper time derivative. The ISCO is identified by the vanishing of the restoring radial forceṗ r = −∂H (0) /∂r under an arbitrary perturbation onto a slightly eccentric equatorial orbit. Since the variations of E (0) and L (0) are quadratic in the small eccentricity [19, 32] , and since (by definition) radial perturbations become stationary on the ISCO, it is sufficient to consider stationary perturbations with fixed E (0) and L (0) onto a nearby, nongeodesic circular equatorial orbit. This leads to the simple condition
Together with p r = 0 andṗ r = 0, we have three equations for {r, E (0) , L (0) } at the ISCO location. One finds, in particular, r
, where the upper (lower) sign corresponds to prograde (retrograde) motion [34] . The associated orbital frequency with respect to time t reads
ISCO in the perturbed spacetime.-We now turn to examine O(η) backreaction effects. It is well established [35] [36] [37] [38] that, through O(η), the particle follows a geodesic of a certain locally defined smooth effective geometry g αβ = g (0)αβ + h R αβ , where the second term (∝ η) is a particular solution to the linearized vacuum Einstein equation, obtained by subtracting a certain "singular field" h S αβ from the physical, retarded metric perturbation h ret αβ associated with the orbiting particle. Reference [39] develops a Hamiltonian formulation of the geodesic motion in g αβ based on the effective Hamiltonian
where the first term is given by Eq. (1) and the interaction term reads (raising indices with the inverse background metric g
Here, γ is the (a priori unconstrained) trajectory that sources the metric perturbation and h R,sym αβ
αβ is the "regularized" time-symmetric part of the perturbation, responsible for the conservative piece of the GSF. We assume that a gauge is chosen such that h R,sym αβ manifestly respects the helical symmetry, and h ret/adv αβ vanish at infinity. This ensures that we can readily identify an "asymptotic time" coordinate t, for which the invariant orbital frequency (see below) can be defined unambiguously. Hamilton's canonical equations for the effective Hamiltonian (4) read
where the proper time τ is measured along γ in g αβ . We find u µ = g µν p ν /µ, with the normalization g αβ u α u β = −1. For circular orbits (p r = 0 and dp r /dτ = 0), it follows from Eq. (6) and the symmetry of H int under Mino's transformation [39] [40] [41] that E := −u t and L := u φ are constant along γ. Restricting to circular orbits, we write
, where we make a distinction between the phase-space coordinates ζ I := {r, E, L} and the parameters ζ I γ := {r γ , E γ , L γ } labeling the source trajectory. Now, in analogy with Eq. (2), the ISCO is identified by requiring the stationarity of the restoring force with respect to radial perturbations with fixed E, L and also fixed E γ , L γ . Here, however, the restoring force, −∂H/∂r, depends separately on both r and r γ , which are treated as two independent degrees of freedom at the Hamiltonian level. We must therefore make sure to vary simultaneously the radial positions of both the orbit and the source before identifying one with the other. Hence, the stationarity condition reads
Reference [42] obtained a similar ISCO condition in the PN context. ISCO shift in terms of redshift variable.-Following [43] , and restricting to circular orbits, let us introduce the "redshift"
where
, where z (0) (Ω) is the functional relationship for a Kerr geodesic, and η z (1) (Ω) is the leading GSF correction for a fixed Ω. We similarly expand E and L. Varying g αβ u α u β = −1 with respect to η at fixed Ω then gives
We thus obtain a simple link between H int (Ω) and the O(η) piece of z(Ω), namely
Using Eq. (9), one can show that Eq. (7) reduces to the remarkably simple conditioñ
where a prime denotes d/dΩ, and we introduced the modified redshift functionz(Ω) :
. We now sketch the derivation of this result, central to our analysis; details will be given in [32] . The basic idea is to apply (d/dΩ) = r (∂/∂r) + E (∂/∂E) + L (∂/∂L) to the identity H = − 1 2 µ. From dH/dΩ = 0, we obtain E − ΩL = zH int /(2µ) because dp r /dτ = −∂H/∂r = 0 along circular orbits. We also have (d/dΩ)∂H/∂r = 0, which implies (u 2 ). This establishes the equivalence of Eqs. (7) and (10) .
Following Refs. [13, 15, 20, 24] , we parametrize the ISCO frequency shift due to the conservative GSF in the form , we find
This is our main formal result. It has a convenient form, as it involves only the redshift function along equatorial circular orbits. First law of binary mechanics.-Before proceeding to numerical implementation, we show that Eq. (12) is recoverable using the notion of minimum-energy circular orbit (MECO), within the framework of the first law of binary black-hole mechanics [25, [44] [45] [46] . Starting from the perturbed Hamiltonian in Eq. (4), one can derive a first-law-type relationship that extends to O(η) the test-mass results of [46] . This variational relation holds for generic bound orbits. For circular orbits, it reduces to (discarding changes in the black-hole mass and spin) [39] 
where we defined the binding energy E := µE − 1 2 H int E (0) and the angular momentum L := µL − 1 2 H int L (0) . Notice that the combination M = E − ΩL, which can heuristically be viewed as the binding energy in a corotating frame, coincides with the modified redshift function: M = µz.
The first law, (13) , implies the partial differential equations ∂E/∂Ω = Ω ∂L/∂Ω and ∂E/∂µ = Ω ∂L/∂µ + z, which can be combined to give E = M − Ω ∂M/∂Ω, L = −∂M/∂Ω and z = ∂M/∂µ. We expand
, and similarly for L and M. Varying these equations with respect to η at fixed Ω then gives E (1) = M (1) − ΩM (1) , L (1) = −M (1) , and z (1) = 2M (1) . Eliminating M (1) , we obtain
On the other hand, by definition the MECO minimizes the binding energy E(Ω). Thus, its frequency Ω meco is a solution of
For Hamiltonian systems such as ours, Ω meco = Ω isco (cf. Ref. [42] ). Hence, using Eqs. (11) and (14) together with the testparticle relation E (0) (Ω (0) meco ) = 0, Eq. (15) yields
Equation (12) is then easily recovered by using
isco , obtained by noting that M (0) = µ z (0) and hence
, from which also follows z (0) (Ω (0) isco ) = 0. Indeed, since M = µz, Eq. (10) is equivalent to the MECO condition (15) .
Numerical implementation and results.-The evaluation of C Ω (q) via Eq. (12) requires as input numerical data for z (1) (Ω (0) isco ). Reference [28] prescribes the construction of z (1) from the field h R,sym αβ for given q and Ω. The perturbation h R,sym αβ itself is obtained by applying a suitable regularization procedure to the (numerically computed) retarded metric perturbation sourced by a particle on a circular equatorial geodesic orbit of angular frequency Ω. One then obtains a numerical representation of the function z (1) (Ω), from which z (1) (Ω (0) isco ) is extracted. This is repeated for a sample of q values.
To obtain C Ω (q), we used two independent numerical codes that are based on different numerical and regularization methods. In method (i), due to Shah et al. [28] , the metric perturbation is reconstructed in a radiation gauge from frequencydomain numerical solutions to the Teukolsky equation [47] , followed by an application of (a variant of) the standard modesum regularization technique [48] . Method (ii), developed in Refs. [27, 29, 49, 50] , uses a direct time-domain implementation of the linearized Einstein equation in Lorenz gauge (apart from a simple gauge transformation to assure asymptotic flatness [13, 51] ), and applies m-mode regularization [52] .
For each q, we computed z (1) at orbital radii r (0) = r
isco + ∆r with ∆r/(0.05M) = −n, . . . , n where n = 10 and n = 4 in cases Negative q values denote retrograde orbits. The data were produced using the numerical method of Ref. [28] . Parenthetical figures are estimated numerical error bars on the last displayed decimals; e.g., 1.245 568(2) stands for 1.245 568 ± 0.000 002.
(i) and (ii) [53] . We found the first and second derivatives of z (1) with respect to r (0) at ∆r = 0 by fitting each data set with a polynomial in ∆r/M. This gave z (1) and thus C Ω via Eq. (12) .
Method (i) delivers highly accurate results, and method (ii) provides important checks. We found consistency between the data sets for z (1) , and the derived values of C Ω , roughly to within the error bars of method (ii). We note for method (ii) that (1) the dominant source of error for |q| 0.5 arises from a frequency-filter method for eliminating a linear-in-time gauge mode in the dipole sector [29] , and (2) the error bars in Fig. 1 are estimated using a robust combination of Monte Carlo and bootstrap methods. [No comparison data are available for |q| > 0.6, where method (ii), in its current state of development, becomes ineffectual.] Table I and Fig. 1 show numerical results for C Ω (q). Method (i) gives C Ω (0) = 1.251 015 39 ± 4 × 10 −8
, a value consistent with (and as accurate as) the most accurate q = 0 result currently available [24] . We notice that C Ω (q) reaches minimum at q 0.3 and is positive for all values in our sample (|q| 0.9).
The lower panel in Fig. 1 tests three earlier predictions for C Ω (q) against our "exact" self-force result: two based on the PN approximation, at 3 PN order using a stability analysis of the equations of motion [14] and at 3.5PN order using a MECO condition with a certain modified binding energy function [16] , and one arising from the EOB model [54] with the method described in Refs. [7, 55] . This comparison illustrates the discriminative power of our result as a new benchmark in the strong-field regime. We expect that our results will be used in refining semianalytical models of inspiralling binaries over the full range of mass ratios and spins [56, 57] .
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